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2. Model Ensemble Vs. Single Model 



Y – y1, y2, …, yn – series of observations

Xi – xi1, xi2, …, xin – series of i-model forecasts

We have m models and n years of forecasts

Z – z1, z2, …, zn – series of MME-combined forecasts

Z = Z(X)

Y = Z + error

Notations:



MME – simple composite

Let us compare MSE of Y Vs. Xi  and Y Vs. Z
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MME – simple composite

Z = (X1+X2+..+Xm)/m

Let us assume m=2 and σY=σXi=σ=1
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MME – simple composite

Z = (X1+X2+..+Xm)/m
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MME – simple composite

Z = X1+X2+..+Xm
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MME – simple composite

Let m = 2 =>   Z = X1+X2
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MME – simple composite

cor(Y:Z)>(r1+r2)/2



3. Multiple Regression Based Methods



Y – y1, y2, …, yn – series of observations

Xi – xi1, xi2, …, xin – series of i-model forecasts

We have m models and n years of forecasts

Z – z1, z2, …, zn – series of MME-combined forecasts
Y = Z + error

Notations:



Superensemble

Multiple regression



Multiple regression
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j – year (1…n)



y = Xb + err

Multiple regression

y – vector (1…n) of observed anomalies
X – matrix (1…n, 1…m) of model forecasts
b – vector (1…m) of regression coefficients
err – vector (1…n) of errors 

We are to minimize err



Multiple regression

Sum of squared errors:

Q = errTerr = (y-Xb)T(y-Xb) =

= yTy – bTXTyT – yTXb + bTXTXb =

= yTy – 2bTXTy + bTXTXb

We minimize err applying the Least Squares Estimation



Multiple regression

Derivative of Q in respect to b is:

-2XTy + 2XTXb

Condition of extremum is Q = 0, so that

b = (XTX)-1XTy



Multiple regression

Singular value decomposition of XTX = USVT

S – diagonal matrix of eigenvalues

U = V - eigenvectors of matrix XTX 
(U=V because matrix XTX is symmetric)



Regression coefficients:
b = (XTX)-1 XTy

If to decompose (XTX)-1 applying SVD, 
above equation becomes very simple:

b =   VS-1UT XTy

Accurate solution is when all m elements are 
non-zero but there may appear collinearity.
Inaccurate but more stable solution is when 
some number of diagonal elements (M0<M) of S-1

are set to zero.

Multiple regression. 



Synthetic Data 

PCA+Multiple regression



PCA+Multiple regression



East Asia Precipitation



East Asia 500hPa Geopotential Height



4. Verification
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Y – y1, y2, …, yn – series of observations

Xi – xi1, xi2, …, xin – series of i-model forecasts

We have m models and n years of forecasts

Z – z1, z2, …, zn – series of MME-combined forecasts
Y = Z + error

Notations:



x – model hindcast anomaly
y – observed anomaly
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Time series:

Pearson Correlation Coefficient

Main restriction:    iid
x and y are Normally distributed
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x – model hindcast anomaly
y – observed anomaly
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Time series:
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Time series:

Brier Skill Score 
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x – model hindcast anomaly
y – observed anomaly

Pc – probability of correct anomaly in the hindcast
(number of points/years when x*y>=0 divided by N)

Pe – climatological probability of correct anomaly
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Time series:

Heidke Skill Score
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Time Series:

Root mean squared error



SIMPLE COMPOSITE (MME 1)
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COMPOSITE of SPATIALLY CORRECTED MODELS (Method 4)



)
)(

1(

1

2

1

2

∑

∑

=

=

−
−= N

i
i

N

i
ii

y

yx
BSS

x – model hindcast anomaly in a given year
y – observed anomaly in a given year
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Fields:

Brier Skill Score 



)))1((1/()))1((( 2222
eeeec PPPPPHSS −+−−+−=

x – model hindcast anomaly in a given year
y – observed anomaly in a given year

Pc – probability of correct anomaly in the hindcast
(number of points/years when x*y>=0 divided by N)

Pe – climatological probability of correct anomaly
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Fields:

Anomaly correlation coefficient
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WMO SVS:
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SUPERENSEMBLE 2 SVD MODES 
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Hindcast Skill
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RMS Prec. East Asia JJA
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Hindcast Skill
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Conclusion

1. Multimodel ensemble outperforms single model
as a rule

2. The “best model” may outperform ensemble in
a particular point, however each point has its own
best model

3. Choice of the best method to blend the models
depends upon particular purpose


